In this paper, with double set parameter method and bubble function technique, a robust C 0 nonconforming rectangular element is proposed for solving fourth order singular perturbation problems. The properties of the new element is studied and the convergent result in the energy norm uniformly with respect to the perturbation parameter is presented. Numerical results are carried out to demonstrate the validity of the theoretical analysis.
Introduction
Consider the following elliptic singular perturbation problem( [6] . In particular, when tends to zero, the differential equation in (1) formally degenerates to Poisson's equation, i.e., a plate model in (1) degenerates towards an elastic membrane problem. As we know, the standard variational formulation will require that the function spaces are subspaces of the Sobolev space ) ( 2 H , when fourth order problems like (1) are discretized by a finite element method. Hence, one has to take piecewise smooth functions which are globally 1 C . But such functions are very difficult to construct and may be very complicated. A common approach is to use nonconforming finite elements, i.e., 1 C -continuity requirement is not guaranteed any more. The general convergence criterions are patch test in [17] and generalized patch test in [11] . The former is very convenient for engineers, but it is neither sufficient nor necessary; the latter is a sufficient and necessary condition, while it is not practical. F-E-M-test introduced in [12] is much easier to be used in practice than above ones.
Many successful nonconforming plate elements have been proposed, see [2, 16, 8, 13, 18, 4, 15, 7] , etc., but not all of them are convergent for (1) uniformly with respect to perturbation parameter . The very simple nonconforming element, Morley element, is convergent for plate problems, however, [8] showed that it may diverge when applied to second order problem like Possion's equation and provided a concrete counterexample. In fact, Morley element space consists of piecewise quadratic functions with respect to a given triangulation of , and the mean values of the shape function are not continuous across the interior edges of the elements. For more discussions on properties of this element we refer, for examples, to [8] , [18] and [7] .
As an alternative, two modified triangular nonconforming finite elements are proposed in [8] by using cubic "bubble function". The main technique is to force the elements to be 0 C ones and the mean values of the derivatives along edges to be continuous. The studies there indicated that the new methods are robust for singular perturbation problems (i.e., the reduced second order problems like (1)), which render it free of error deterioration, and lead to accurate and efficient numerical results compared to Morley element. However, such efficiency and accuracy is at the cost of larger number of degrees of freedom and much more storage, and thus will result in extra calculations, i.e., additional degrees of freedom must be involved. The function spaces of these two so-called robust elements consist of continuous functions which locally belongs to nine dimensional subspace of quartic polynomials. The global dimension of this modified 9-parameter element space, corresponding to a fixed triangulation and the boundary conditions given in (1) is the sum of the number of interior vertices and twice the number of interior edges. Similarly, the global dimension of the modified 12 -parameter element space is the sum of triple the number of interior vertices and the number of interior edges. As a comparison, the dimension of Morley element space is the sum of interior vertices and edges. Thus, the two modified elements have an approximately 70 percent and 50 percent increase of global degrees of freedom respectively.
It can be seen that all of the discussions above are restricted to triangular elements. For the rectangular case, [13] analyzed the incomplete biquadratic plate element, which is always regarded as the rectangular Morley element for possessing the similar properties to Morley element. Based on this element, [19] proposed a modified rectangular Morley element method through quasi-conforming element method, [18] applied it to the fourth order elliptic singular perturbation problems by modifying the bilinear formulation in the finite element approximation scheme and proved the uniform convergence with respect to the singular parameter .
It is known that the conventional elements are often very difficult to satisfy the following two requirements simultaneously for fourth order problems: firstly, the degrees of freedom should be selected to satisfy the convergence conditions according to the generalized patch test (or F-E-M-test); secondly, the degrees of freedom should be chosen to be simple so as to make the total number of unknowns in the resulted discrete system as small as possible. [3] suggested the double set parameter method to construct the displacement finite element. The essential point is to separate the two functions for degrees of freedom by taking another set of nodal parameters. Then we discretize the first set of degrees of freedom (to ensure the convergence) into a linear combination with respect to nodal parameters (as simple as possible). The method was used widely in the construction of plate elements, for more discussions, we refer to [2, 3, 16, 9, 14] . However, to our knowledge, it seems that there are few literatures concerning fourth order singular perturbation problems. To this end, in this paper, following the ideas of double set parameter method and bubble function technique, we propose a new robust rectangular element for problem (1) , which is convergent in the energy norm with respect to the parameter .
The rest of the paper is organized as follows. In section 2, some preliminaries are given. In section 3, a new robust 12-parameter rectangular element with double set parameter method and bubble function is constructed, its properties and convergence analysis is provided. In the final section, some numerical results are carried out and a comparison is given to demonstrate the excellent performance of the new element.
Preliminaries
The inner product on ) ( . Then the weak form of (1) However it does not hold any more on the nonconforming finite element spaces.
Assume that h T is a family of quasi-uniform and shape regular subdivisions of , h is the discretization parameter representing the characteristic diameter of the elements in h T . Denote the finite element space by h V , which is a piecewise polynomial space and satisfies the boundary conditions of (1) in some sense. Then the corresponding finite element approximation of problem (2) is: find
A New 12-Parameter Rectangular Element
In this section, we will introduce the new 12-parameter rectangular element constructed with double set parameter method and the "bubble function" technique.
Let K be a rectangular element on the ( , ) x y plane with central point 0 0
( , )
x y , the lengths of edges parallel to x axis and y axis 2a and 2b , respectively, the four vertices and edges ( , ) 
The degrees of freedom are chosen as , 1,2,3,4,
, .
The shape function space on K is taken as undetermined functions on the interval [ 1, 1] , which make the following interpolation matrix C to be nonsingular,
Substituting (6) into (4) yields
where ( ) D v is the same as before, Direct computation leads to ( ) 6546.2 0, Det C which means that the degrees of freedom ( ) D v uniquely determines the function ( ) v P K . Note that almost all of the above degrees of freedom are defined on the edges, thus the number of the total degrees is larger than that of ACM element. Suppose that there are NP vertices in the triangulation, then the total number of unknowns are about 5NP and 3NP for the two elements, respectively. To reduce the total degrees of freedom, we turn to the double set parameter method. Firstly, we take another set of parameters as ( ) (0,0,0,0, ( ), ( ), ( ), ( ), ( ), ( ), ( )) , 
The interpolation operator h on h V is defined by | 
Substituting (17) and (18) into (16), it immediately follows (15).
As we observed above, Theorem 1 ensures linear convergence with respect to h: uniformly in , as long as the seminorm 3 2 u u is uniformly bounded. However, the fact is not always so in the real application. In [8] , the authors provided a one dimensional example to demonstrate that when 0 , the seminorm 3 2 u u may be infinite. In this case, the results above is no longer effective. Therefore, the uniform convergence analysis when there exist boundary layers is very necessary. Next, we will provide our convergence result which only depends on the right hand side f. To this end, we present the following lemma in [8] . Lemma 4. Assume ) ( ) ( 
Thus, similar to the estimate in [8] , we can get that Both of these two elements can be regarded as the modification of rectangular Morley plate element discussed in [13] . It is easy to check that the global dimension of SXT1 element space represents an increase of approximately 65 percent as compared to the ACM element space, while the SXT element has the same global dimension as that of ACM element space. Remark 3. Of course, there are many choices for ) (t and ) (t . However, from the view point of simplicity, to assure the interpolation function to be of lower order polynomial symmetrically on each intersection side, and at the same time to ensure the element to be of 0 C and mean 1 C type, our option in this paper seems to be the best one. Remark 4. Note that the existing 12-parameter rectangular elements discussed in [5, 16] are not of 0 C type. Careful analysis shows that the main reason is that the shape function on each interior side of the elements is at least cubic polynomial instead of quadratic one, thus without additional degrees of freedom, the usual choice can not ensure the continuity of the shape function on each interior intersection side. Here we have solved this problem in a very smart manner.
Numerical Examples
In this section, we will perform some numerical experiments to examine the efficiency of the element proposed in section 3, we consider problem (1) y . We divide the domain into two fashions (uniform mesh and non-uniform mesh). The first fashion is dividing into n n squares of size 1 1 n n , which is denoted by Mesh 1(refer to Fig 2(a) ). The second one is in the following way: first dividing into n n squares of size 1 1 n n , then dividing each element in the above half part into two rectangles parallel such that all the elements are of same width but the height of the elements in the above half part is half of that in another part. We denote this mesh fashion by Mesh 2 (refer to Fig 2(b) ). The computations are carried out with Matlab 7.0 and computer of Genuintel Pentium IV with memory 1GB. for both above two kinds of meshes are also computed and presented in Tables 5-8 . For a comparison, we also consider the case 0 , i.e., the Poisson problem with Dirichlet boundary conditions, and the biharmonic problem 2 u f . under the above two meshes in the logarithm scales. Apparently, the slope of the curve represents the convergent rate of the method. To show the global numerical effect, we also present the logarithm scale figure of the errors 
